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Abstract
It was conjectured by Jackson et.al. that the finite volume effective partition function of QCD with the
topological chargeM−N coincides with the Itzyskon-Zuber type integral for M ×N rectangular matrices. In
the present article we give a proof of this conjecture, in which the original Itzykson-Zuber integral is utilized.
1 Introduction
Let us start with quantum chromodynamics (QCD) with N flavors and a nonzero vacuum angle θ. Assume
that the quarks have masses m1,m2, · · · ,mN . We introduce the quark-mass matrix M by
M = diag(m1, · · · ,mN ) . (1.1)
Using matrices γµ, µ = 1, 2, 3, 4, defined by
γ4 = i diag(1, 1,−1,−1) (1.2)
and
{γµ, γν} = −2δµν , (1.3)
the Lagrangian density in the Euclidean space is expressed as [1]
L =
1
4g2
N∑
µ,ν=1
N2−1∑
a=1
F aµνF
a
µν − iθω − iq¯
4∑
µ=1
γµ(∂µ + iAµ)q + q¯RMqL + q¯LM
†qR , (1.4)
where
ω =
1
32π2
trǫµναβFµνFαβ . (1.5)
We assume that the space-time constitutes the four-dimensional torus with the volume V . The winding
number (or topological charge) ν of the gauge field, which is expressed as
ν =
∫
V
d4xω(x) , (1.6)
is a topological invariant. The partition function Z(θ) is written as
Z(θ) =
∞∑
ν=−∞
eiνθZν , (1.7)
where Zν is the partition function in the sector with topological charge ν. We consider the region in which
the volume V is large and
V σS <
∼
1 , (1.8)
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where σ and S represent respectively the quark condensate and the quark mass scale. In the low-energy
theory, the Goldstone bosons dominate the partition function. In the present case the Goldstone bosons are
described by matrix fields U(x) in SU(N). The partition function takes the form
Z =
∫
U(x)∈SU(N)
δU exp
{
−
∫
V
d4x
[
f2
4
tr(∂µU
†∂µU)− σRe
(
exp(iθ/N)trMU †
)
+ · · ·
]}
, (1.9)
where f is the pion-decay constant and Re means the real part. By setting U(x) = U0U1(x) and ignoring
the non-zero modes fluctuations associated with U1(x), we arrive at the effective QCD partition function in
terms of the collective variable U0 [1],
Z =
∫
SU(N)
dµ(U0) exp
{
V σRe
(
eiθ/Ntr(MU †0 )
)}
. (1.10)
Hereafter we denote by µ the normalized measure with the two-sided invariance. From (1.10) it is deduced
that Zν is expressed as an integral over U(N):
Zν =
∫
U(N)
dµ(U)(detU)ν exp(V σRe trMU) . (1.11)
In case quarks have equal masses, the U(N)-integral in (1.11) is carried out in [1]. For different quark masses
the explicit expression for Zν=0 is obtained in [2]. The key of the derivation in [2] is the Itzykson-Zuber type
integral for complex matrices∫
U(M)
dµ(U)
∫
U(N)
dµ(U ′) exp (Re tr(U ′ΨUΞ))
=
2N(M−1)
N !
N∏
j=0
(1 + j)!(M −N + j)!
N∏
i=1
(xiyi)
1
2
det{IM−N (xkyl)}k,l
ξ0(x)ξ0(y)
, (1.12)
where
Ξ =


x1 0 . . . 0
0 x2 . . . 0
. . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . .
0 0 . . . xN
. . . . . . . . . . . . . . . . .
0 . . . . . . . 0


, (1.13)
Ψ =


y1 0 . . . 0 . . . 0
0 y2 . . . 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . yN . . . 0

 , (1.14)
and ξ0(x) is defined by
ξ0(x) =
N∏
i,j=1
(x2i − x
2
j )
N∏
i=1
x
M−N+ 1
2
i . (1.15)
There is a straightforward correspondence between Zν=0 and (1.12) for M = N . What was conjectured in
[2] is that Zν for general ν also corresponds to (1.12) for M = N + ν. In the present article we shall give a
proof to this conjecture. In our proof we make use of the original Itzykson-Zuber integral[3].
2 Correspondence between Itzykson-Zuber type Integral and Par-
tition Function
The correspondence between Zν and the integral (1.12) is easily certified. We assume that M ≥ N without
losing any generality. We set
Ψ = vM , (2.1)
2
where v = V σ is a real positive number and M is an N ×M matrix such as
M =


m1 0 . . . 0 . . . 0
0 m2 . . . 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . mN . . . 0

 . (2.2)
Set also
Ξ = 1M,N ≡


1 0 . . . 0
0 1 . . . 0
. . . . . . . . . . . . .
. . . . . . . . . . . . .
0 0 . . . 1
. . . . . . . . . . . . .
0 . . . . . . 0


. (2.3)
Then the Itzykson-Zuber type integral (1.12) becomes
GM,N (M)
def
=
∫
U(M)
dµ(U)
∫
U(N)
dµ(U ′) exp (Re vtr(U ′MU1M,N )) . (2.4)
In case M = N the double integral in (2.4) reduces to a single integral:
GN,N(M) =
∫
U(N)
dµM (U) exp (Re vtr(MU)) . (2.5)
This is exactly the partition function Z0 in the sector with topological charge ν = 0. Furthermore, by giving
examples which suggest the existence of the correspondence for general ν, it was conjectured in [2] that
GM,N (M) = constant×ZM−N . (2.6)
3 Proof of the Conjecture
For definiteness sake we shall add a suffix which specifies the number of the flavors to the partition function
in the sector with topological charge ν, that is,
ZNν =
∫
U(N)
dµ(U)(detU)ν exp(vRe trMU) . (3.1)
By properly choosing S ∈ SU(N) and Λ = diag(eix1 , eix2, · · · , eixN ), where xi ∈ R, the matrix U ∈ U(N) is
expressed as
U = SΛS† . (3.2)
The well-known transformation of the variables of the integrations [4] reads
∫
U(N)
dµ(U) =
1
N !(2π)N
∫
SU(N)
dµ(S)
(
N∏
i=1
∫ 2π
0
dxi
)∏
i<j
sin2
xi − xj
2
. (3.3)
In terms of S and Λ, (3.1) is transformed to
ZNν =
1
N !(2π)N
N∏
i=1
(∫ 2π
0
dxie
ixi
)∏
i<j
sin2
xi − xj
2
∫
SU(N)
dµ(S) exp(vtrMSΛS†) . (3.4)
The expression (3.4) has a great advantage because the SU(N) integration is readily carried out by using the
original Itzykson-Zuber integral[3],
I(A,B;β) =
∫
SU(N)
dµ(U) exp[βtrAUBU †] (3.5)
= β−N(N−1)/2
N−1∏
n=1
n!
det
{
eβaibj
}
1≤i,j≤N
∆(a)∆(b)
, (3.6)
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where ∆ is the Vandermonde determinant, for instance,
∆(a) =
∏
1≤i<j≤N
(ai − aj) . (3.7)
Consequently there remain the integrations over N variables:
ZNν = v
−N(N−1)/2
N−1∏
n=1
n!
N∏
i=1
(∫ 2π
0
dxie
iνxi
)∏
i<j
sin2
xi − xj
2
det {evmj cos xi}1≤i,j≤N
∆(cosx)∆(m)
. (3.8)
In the next place, let us examine GM,N (M). It can be shown that
GM,N (M) = GM,M (M˜) =
∫
dµM (U) exp
(
Re vtr(M˜U)
)
, (3.9)
where
M˜ = diag(m1,m2, · · · ,mN , 0, · · · , 0) . (3.10)
For the right-hand-side of (3.9) a similar kind of decomposition as for ZNν is possible. As a result, GM,N (M)
is rewritten as
GM,N (M) =
v−M(M−1)/2
M !(2π)M
M−1∏
n=1
n!
M∏
i=1
(∫ 2π
0
dxi
) M∏
i<j
sin2
xi − xj
2
det
{
evm˜j cosxi
}
1≤i,j≤M
∆(cos x)∆(m˜)
, (3.11)
where
m˜i =
{
mi (1 ≤ i ≤ N)
0 (N + 1 ≤ i ≤M)
. (3.12)
We shall prove the conjecture that
GM,N (M) = constant×Z
N
M−N , (3.13)
by comparing (3.8) with (3.11).
We start from (3.11). The fraction
det
{
evm˜j cosxi
}
1≤i,j≤M
∆(cos x)∆(m˜)
(3.14)
in (3.11) is decomposed by using the Schur function S{λ} as
=
M∏
i=1
(
∞∑
ki=0
vki
ki!
) ∏M
j=1 cos
kj xj
∆(cos x)
det m˜kij
∆(m˜)
=
∞∑
kM=0
∞∑
kM−1(>kM )
· · ·
∞∑
k1(>k2)
M∏
i=1
(
vki
ki!
)
det coski xj
∆(cos x)
det m˜kij
∆(m˜)
=
∞∑
λM=0
∞∑
λM−1(≥λM )
· · ·
∞∑
λ1(≥λ2)
M∏
i=1
(
vλi+M−i
(λi +M − i)!
)
S{λ}(cosx)S{λ}(m˜) . (3.15)
For our purpose, it is important to note that the Schur functions have the property[5],
S{λ}(m˜) = S{λ}(m1, · · · ,mN , 0, · · · , 0)
=
{
S{λ1,··· ,λN}(m1, · · · ,mN ) : if λN+1 = λN+2 = · · · = λM = 0
0 : otherwise
. (3.16)
It follows from (3.16) that
det
{
evm˜j cosxi
}
1≤i,j≤M
∆(cosx)∆(m˜)
=
M−N∏
i=1
vi−1
(i− 1)!
∞∑
λN=0
∞∑
λN−1(≥λN )
· · ·
∞∑
λ1(≥λ2)
×
N∏
i=1
(
vλi+M−i
(λi +M − i)!
)
S{λ1,··· ,λN ,0··· ,0}(cosx)S{λ1,··· ,λN}(m) . (3.17)
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Since the notational convention of the Schur function is rather inconvenient to the discussions below, we
introduce a function T
(L)
{k1,··· ,kL}
defined by
T
(L)
{k1,··· ,kL}
(x1, · · · , xL) =
det{x
kj
i }1≤i,j≤L
∆(x)
. (3.18)
The Schur function and T
(L)
{k1,··· ,kL}
are related by
S{λ1,··· ,λL} = T
(L)
{k1+L−1,k2+L−2,··· ,kL−1+1,kL}
. (3.19)
In terms of T
(L)
{k1,··· ,kL}
(x1, · · · , xL), (3.17) is rewritten as
det
{
evm˜j cos xi
}
1≤i,j≤M
∆(cosx)∆(m˜)
=
M−N∏
i=1
vi−1
(i − 1)!
∞∑
λN=0
∞∑
λN−1(≥λN )
· · ·
∞∑
λ1(≥λ2)
×
N∏
i=1
(
vλi+M−i
(λi +M − i)!
)
T
(M)
{λ1+M−1,··· ,λN+M−N,M−N−1,··· ,1,0}
(cos x)T
(N)
{λ1+N−1,··· ,λN}
(m)
=
M−N∏
i=1
vi−1
(i − 1)!
∞∑
kN=0
∞∑
kN−1(≥kN )
· · ·
∞∑
k1(≥k2)
×
N∏
i=1
(
vki
ki!
mN−Mi
)
T
(M)
{k1,··· ,kN ,M−N−1,··· ,1,0}
(cosx)T
(N)
{k1,··· ,kN}
(m) . (3.20)
Note that
T
(M)
{k1,··· ,kN ,M−N−1,M−N−2,··· ,1,0}
(cos x) =
1
∆(cos x)
∑
P∈σM
(−1)P
N∏
i=1
coski xPi
M−N∏
α=1
cosM−N−i xPN+α , (3.21)
where σM is the permutation of {1, 2, · · · ,M}. By introducing σ
N
M by
σNM = {P ∈ σM : PN+1 > PN+2 · · · > PM , P1 > P2 · · · > PN} , (3.22)
we may express the left hand side of (3.21) in terms of T
(N)
{k1,··· ,kN}
as
T
(M)
{k1,··· ,kN ,M−N−1,M−N−2,··· ,1,0}
(cosx)
=
1
∆(cosx)
∑
P∈σN
M
(−1)P det
{
coski xPj
}
1≤i,j≤N
det
{
cosM−N−i xPN+j
}
1≤i,j≤M−N
=
∑
P∈σN
M
T
(N)
{k1,··· ,kN}
(cosxP1 , cosxP2 , · · · , cosxPN )
N∏
i=1
M∏
j=N+1
1
cosxPi − cosxPj
. (3.23)
Putting (3.11), (3.20) and (3.23) together we get
GM,N (M) =
vN(N−2M+1)/2
M !(2π)M
M−1∏
n=M−N
n!
∞∑
kN=0
∞∑
kN−1(≥kN )
· · ·
∞∑
k1(≥k2)
N∏
i=1
(
vki
ki!
mN−Mi
)
T
(N)
{k1,··· ,kN}
(m)
×
M∏
i=1
(∫ 2π
0
dxi
) M∏
i<j
sin2
xi − xj
2
∑
P∈σN
M
T
(N)
{k1,··· ,kN}
(cosxP1 , cosxP2 , · · · , cosxPN )
×
N∏
i=1
M∏
α=N+1
1
cosxPi − cosxPα
=
vN(N−2M+1)/2
M !(2π)M
MCN
M−1∏
n=M−N
n!
∑
k1≥k2≥···kN
N∏
i=1
(
vki
ki!
mN−Mi
)
T
(N)
{k1,··· ,kN}
(m)
×
N∏
i=1
(∫ 2π
0
dxi
) N∏
i<j
sin2
xi − xj
2
T
(N)
{k1,··· ,kN}
(cosx1, cosx2, · · · , cosxN )
×
M∏
i=N+1
(∫ 2π+iǫ
0+iǫ
dxi
) ∏
N+1≤i<j≤M
sin2
xi − xj
2
N∏
i=1
M∏
α=N+1
sin2 xi−xα2
cosxi − cosxα
. (3.24)
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The infinitesimal positive number ǫ is introduced to avoid the “pseudo” poles at xi = −xα. With a change of
variables yi = e
ixi , the integration over {xi : N + 1 ≤ i ≤ M} in the last expression in (3.24) is transformed
to the contour integral as
2−(M−N)(M−1)(−1)(M−N)(M−N−1)/2
M∏
i=N+1
(
−i
∮
Cǫ
dyi
yi
)
×
∏
N+1≤i<j≤M
(yi − yj)(y
−1
i − y
−1
j )
N∏
i=1
M∏
α=N+1
yα − yi
yαyi − 1
(3.25)
where Cǫ is a circle with radius e
−ǫ centered at the origin of the complex plane. Equation (3.25) is immediately
integrated out:
= 2−(M−N)(M−1)(2π)M−N (−1)(M−N)(M+N−1)/2(M −N)!
N∏
i=1
yM−Ni . (3.26)
Inserting (3.26) in (3.24) we find that
GM,N (M) = C(M,N)
∑
k1≥k2≥···kN
N∏
i=1
(
vki
ki!
mN−Mi
)
T
(N)
{k1,··· ,kN}
(m)
×
N∏
i=1
(∫ 2π
0
dxie
i(M−N)xi
) N∏
i<j
sin2
xi − xj
2
T
(N)
{k1,··· ,kN}
(cos x1, cosx2, · · · , cosxN ) , (3.27)
where
C(M,N) = v
N(N−2M+1)/22−(M−N)(M−1)(2π)M−N (−1)(M−N)(M+N−1)/2
1
N !
M−1∏
n=M−N
n! . (3.28)
The summation in (3.27) reads
∑
k1≥k2≥···kN
N∏
i=1
(
vki
ki!
mN−Mi
)
T
(N)
{k1,··· ,kN}
(m)T
(N)
{k1,··· ,kN}
(cosx1, cosx2, · · · , cosxN )
=
1
∆(cos x)∆(m)
∑
k1≥k2≥···kN
N∏
i=1
(
vki
ki!
mN−Mi
)
det
{
m
kj
i
}
1≤i,j≤N
det
{
coskj xi
}
1≤i,j≤N
=
1
∆(cos x)∆(m)
N∏
i=1
mN−Mi det
{
exp(vmi cosxj)
}
1≤i,j≤N
. (3.29)
Finally by combining (3.27) and (3.29) we obtain
GM,N (M) = C(M,N)
N∏
i=1
mN−Mi
N∏
i=1
(∫ 2π
0
dxie
i(M−N)xi
)
×
N∏
i<j
sin2
xi − xj
2
1
∆(cosx)∆(m)
det
{
exp(vmi cosxj)
}
1≤i,j≤N
, (3.30)
which is proportional to (3.8) with ν = M −N . This proves the conjecture (3.13).
4 Discussions
The partition function (1.11) with ν = 0 has the two-sided U(N) invariance. That makes it possible to carrry
out the integration. If ν 6= 0, the partition function is invariant under SU(N) but not invariant under U(N).
That is, U(1) symmetry is broken. Despite an impression that the remaining SU(N) symmetry is still large,
it is not easy to treat the partition function analytically.
It is known [6] that the Itzykson-Zuber type integral for rectangular matrices is derived by consider-
ing the zero-curvature limit of the isotropic diffusion on the cosets SU(M + N)/S(U(M) × U(N)) and
SU(M,N)/S(U(M)× U(N)). These cosets are classified as the Riemannian symmetric space of type AIII in
the mathematical context[7]. We have proved in the present article the conjecture (3.13) that the partition
functions in the sectors with non-zero topological charges equals the Itzykson-Zuber type integral for rectan-
gular matrices up to the normalization. This correspondence makes it possible to apply a full knowledge of
the symmetric spaces to the analysis of the sectors with ν 6= 0.
6
References
[1] H.Leutwyler and A.Smilga, Spectrum of Dirac operator and role of winding number in QCD. Phys.Rev.D ,
46(12), 5607 (1992).
[2] A. Jackson, M. S¸ener, and J. Verbaarschot, Finite volume partition functions and Itzykson-Zuber inte-
grals. Phys.Lett.B , 387, 355 (1996).
[3] C.Itzykson and J.-B.Zuber, The planar approximation. II. J.Math.Phys., 21, 411 (1980).
[4] M.L.Mehta, Random Matrices . Academic Press, second edn. (1991).
[5] I.G.Macdonald, Symmetric Functions and Hall Polynomials . Oxford University Press, Oxford, second
edn. (1995).
[6] T.Akuzawa and M.Wadati, Diffusions on symmetric spaces of type AIII and random matrix theories for
rectangular matrices. J.Phys.A, 31, 1713 (1998).
[7] S.Helgason, Differential Geometry, Lie Groups and Symmetric Spaces . Academic Press, New York (1978).
7
